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Abstract. We define monads for framed torsion-free sheaves on Hirzebruch surfaces and
use them to construct moduli spaces for these objects. These moduli spaces are smooth
algebraic varieties, and we show that they are fine by constructing a universal monad.
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2 FRAMED SHEAVES ON HIRZEBRUCH SURFACES
1. Introduction
Moduli spaces of framed sheaves over projective surfaces have been the object of some
interest over the last few years. In the case of the complex projective plane — generalizing
the classical result in [8] — these moduli spaces are resolutions of singularities of the moduli
space of ideal instantons on the four-sphere S4 [24], and as such, they have been used to
compute Nekrasov’s partition function, i.e., the partition function of a (suitably twisted)
N = 2 topological super Yang-Mills theory (see [26, 3] and also [11] for the more general
case of toric surfaces).
More generally, they are at the basis of the so-called instanton counting [25]. Fine moduli
spaces of framed sheaves were constructed by Huybrechts and Lehn [18, 19] by introducing a
stability condition. Bruzzo and Markushevich [4] showed that framed sheaves on projective
surfaces, even without a stability condition, give rise to fine moduli spaces.
Moduli spaces of framed bundles on the projective plane were considered by Donaldson
[8, 9], who established their isomorphism with the moduli of framed instantons on S4. This
was extended by King to the case of the blowup of the projective plane at a point [21] and
by Buchdahl [7] to the case of multiple blowups. The degenerate case (including torsion-free
sheaves) was first considered, as already cited, by Nakajima [24] for the projective plane,
and then by Nakajima and Yoshioka [25] for the blown-up plane. The case of multiple
blowups was studied by Henni [15].
In this paper we consider torsion-free sheaves on a Hirzebruch surface Σn, for n > 0,
that are framed to the trivial bundle on a generic line ℓ∞ in Σn. We construct a moduli
space for such sheaves by using monads. This allows us to obtain a moduli space which
is a smooth quasi-projective variety. These moduli spaces are also shown to be fine, and
this implies that they are isomorphic to the moduli spaces constructed in [4] (and therefore
embed as open subschemes into Huybrechts-Lehn’s moduli spaces).
The monads we use generalize to torsion-free sheaves those introduced by Buchdahl [6]
for the locally-free case (he was actually interested in µ-stable vector bundles on Hirzebruch
surfaces with c1 = 0, c2 = 2). Indeed, we show in Corollary 4.6 that for any framed torsion-
free sheaf (E , θ) on Σn, the underlying sheaf E is isomorphic to the cohomology of a monad
U~k
α // V~k
β
// W~k (1.1)
whose terms depend only on the Chern character ch(E) = (r, aE,−c − 1
2
na2) (here E is
the exceptional curve in Σn, i.e., the unique irreducible curve in Σn squaring to −n, and
we put ~k = (n, r, a, c)).
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We denote by L~k the subset of Hom(U~k,V~k) ⊕ Hom(V~k,W~k) formed by pairs (α, β)
coming from a framed sheaf (E , θ). We prove in Proposition 4.8 and Lemma 4.9 that L~k is
a smooth variety. We construct a principal GL(r,C)-bundle P~k over L~k whose fibre over a
point (α, β) can be identified with the space of framings for the cohomology of the complex
(1.1).
The group G~k of isomorphisms of monads of the form (1.1) acts on P~k, and the moduli
space Mn(r, a, c) of framed sheaves on Σn with given Chern character is set-theoretically
defined as the quotient P~k/G~k. Theorem 5.1 proves that M
n(r, a, c) inherits from P~k a
structure of smooth algebraic variety. As a corollary,Mn(r, a, c) turns out to be irreducible.
Moreover, Lemma 4.7 states that two monads of the form (1.1) are isomorphic if and only
it their cohomologies are isomorphic, and this ensures that there is a bijection between
Mn(r, a, c) and set of isomorphism classes of framed sheaves on Σn (isomorphisms of framed
sheaves are introduced in Definition 3.3). This enables us to show that the set of these
classes is nonempty if and only if 2c ≥ na(1− a) (hence, at least when a 6= 0, it turns out
that the moduli space can be empty even if it has positive expected dimension).
We prove the fineness of the moduli space by constructing a universal family
(
E~k,Θ~k
)
of framed sheaves on Σn parametrized by M
n(r, a, c) (for the precise notion of family see
Definition 4.2).
These results are the basis for further work where we give a detailed description of
the moduli spaces when the topological invariants satisfy the lower bound 2c = na(1 −
a). Moreover, considering the rank one case, they allow us to obtain a rather explicit
construction of the Hilbert schemes of points of the total spaces of the line bundlesOP1(−n).
In both cases the results are achieved by using explicit ADHM descriptions [1].
By “scheme” we mean a noetherian reduced scheme of finite type over C. If X and S are
schemes, F is a sheaf of OX×S-modules, and F is a morphism between two such sheaves,
we shall denote by Fs (resp. Fs) the restriction of F (resp. F ) to the fibre of X × S −→ S
over the point s ∈ S.
Acknowledgments. We thank A. A. Henni, B. Kenda, V. Lanza, D. Markushevich
and J. Scalise for useful discussions. We also thank the referee for the careful reading of
our manuscript which helped us to considerably improve the presentation.
2. Monads
A monad M on a scheme T is a three-term complex of locally-free OT -modules, having
nontrivial cohomology only in the middle term:
M : 0 // U
a // V
b // W // 0 . (2.1)
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The cohomology of the monad will be denoted by E(M). It is a coherent OT -module. A
morphism (isomorphism) of monads is a morphism (isomorphism) of complexes.
The display of the monad (2.1) is the commutative diagram (with exact rows and
columns)
0

0

0 // U
a // B

// E

// 0
0 // U
a // V
b

// A
ν

// 0
W

W

0 0
(2.2)
where A := coker a, B := ker b, E = E(M), and all morphisms are naturally induced.
Let T = X × S, where X is a smooth connected projective variety over C, and S a
scheme. We denote by ti, i = 1, 2 the canonical projections onto the first and second
factor, respectively. If F is an OT -module, we denote by Fs its restriction to the fibre of
T over s ∈ S.
Lemma 2.1. Let F and G be coherent OT -modules, flat on S, and let ϕ : F → G be a mor-
phism. If for every closed point s ∈ S the restricted morphism ϕs is injective (surjective),
then ϕ is injective (surjective).
Proof. Denote K = kerϕ and Q = cokerϕ. Let OX(1) be an ample line bundle on X , so
that the line bundle OT (1) = t
∗
1OX(1) is relatively ample. By Serre’s theorem, for m≫ 0
one has an exact sequence of coherent OS-modules
0 // t2∗(K(m)) // t2∗(F(m))
t2∗(ϕ(m)) // t2∗(G(m)) // t2∗(Q(m)) // 0 ,
where ϕ(m) = ϕ⊗OT idOT (m). Moreover there are surjections
t∗2[t2∗(K(m))]։ K(m) , t
∗
2[t2∗(Q(m))]։ Q(m) . (2.3)
We may assume that the sheaves t2∗(F(m)) and t2∗(G(m)) are locally free, and moreover
that
H i(Ts,Fs(m)) = H
i(Ts,Gs(m)) = H
i(Ts,Ks(m)) = 0 (2.4)
for i > 0, and for all s ∈ S.
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For all closed points s ∈ S one has a commutative diagram
t2∗(F(m))⊗ k(s)
t2∗(ϕ(m))⊗k(s) //

t2∗(G(m))⊗ k(s)

H0(Ts,Fs(m))
H0(Ts,ϕs(m)) // H0(Ts,Gs(m))
(2.5)
where the vertical arrows are the natural ones. By eq. (2.4) they are isomorphisms.
If ϕs is injective, eq. (2.5) implies that t2∗(ϕ(m))⊗k(s) is injective. It is easy to see that
this implies
t2∗(K(m))⊗ k(s) ≃ Tor
OS
1 (Im[t2∗(ϕ(m))], k(s)) .
There is an open subset U ⊆ S where the right-hand side of this equation is zero. By
Nakayama’s lemma, the stalks of t2∗(K(m)) at the closed points of U vanish. By [10,
Lemma 2.8] it follows that t2∗(K(m))|U = 0. Since t2∗(K(m)) is a subsheaf of a locally free
sheaf it vanishes. The injectivity of ϕ follows from (2.3).
If ϕs is surjective, eq. (2.4) implies that the morphism H
0(Ts, ϕs(m)) is surjective, and
from eq. (2.5) one deduces that the morphism t2∗(ϕ(m)) ⊗ k(s) is surjective as well. By
Nakayama’s lemma, the germ t2∗(ϕ(m))s is surjective, and [10, Cor. 2.9] implies that
t2∗(ϕ(m)) is surjective, whence t2∗(Q(m)) = 0. The thesis follows from eq. (2.3). 
Let
M : 0 // U
a // V
b // W // 0
be a monad on T . We call E its cohomology, which we assume to be flat on S.
Lemma 2.2. For all points s ∈ S the restricted complexMs is a monad, whose cohomology
is isomorphic to Es.
Proof. Let us consider the short exact sequence
0 // U
a // ker b // E // 0 . (2.6)
If s ∈ S, the restricted morphism as is injective by Lemma 2.1.4 in [20] as ker b and E are
flat on S. The thesis follows easily. 
Proposition 2.3. Let M , M ′ be two monads on T , and E , E ′ their cohomologies, which
we assume to be flat on S. The sheaf HomOT (E , E
′) is flat on S. Moreover, for every s ∈ S
there is an isomorphism HomOT (E , E
′)s ≃ HomOTs (Es, E
′
s).
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Proof. We consider the monads M , M ′ as complexes of OT -modules with nonzero entries
in degrees -1, 0 and 1. Let T • be the total complex of the double complex HomOT (M,M
′),
i.e.,
T i =
⊕
p+q=i
HomOT (M
−q,M ′p)
with differentials Di : T i → T i+1 defined as usual. Since the terms of M and the sheaves
Im a and Im b are locally free, we can apply the “dual Ku¨nneth Theorem” (see e.g. [31,
Exercise 3.6.1]) to (T •, D•), obtaining
Hi(T •, D•) =

Ext1OT (E , E
′) if i = 1
HomOT (E , E
′) if i = 0
0 otherwise.
One deduces the short exact sequences
0 // kerD1 // T 1
D1 // T 2 // 0 (2.7)
0 // ImD0
κ // kerD1 // Ext1OT (E , E
′) // 0 (2.8)
0 // kerD0 // T 0
D0 // ImD0 // 0 (2.9)
0 // ImD−1
ι // kerD0 // HomOT (E , E
′) // 0 . (2.10)
Since the terms of T • are locally free, kerD1 is locally free as well.
Notice that for all s ∈ S
(ImD0)s = ImD
0
s , (kerD
1)s = kerD
1
s . (2.11)
Here the first isomorphism is a consequence of the right exactness of the functor −⊗OT OTs ,
while the second comes from eq. (2.7). By restricting (2.8) to Ts and using (2.11) one gets
ImD0s
κs // kerD1s // Ext
1
OT
(E , E ′)s // 0 . (2.12)
By Lemma 2.2 one can repeat the construction for the restricted sheaves Es and E
′
s on Ts,
starting from the double complex HomOTs (Ms,M
′
s). One gets the short exact sequence
0 // ImD0s
ls // kerD1s
// Ext1OTs (Es, E
′
s)
// 0 . (2.13)
By comparing (2.12) and (2.13) it is easy to deduce that κs = ls, which implies that κs is
injective for all points s ∈ S. From [20, Lemma 2.1.4] it follows that Ext1OT (E , E
′) is flat on
S, and by comparing the two previous exact sequences one also gets the isomorphism
Ext1OT (E , E
′)s ≃ Ext
1
OTs
(Es, E
′
s) .
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Since kerD1 and T 0 are locally free, by applying [14, Prop. III.9.1A.(e)] to eqs. (2.8) and
(2.9) one deduces that ImD0 and kerD0 are flat on S.
Analogously to (2.11), for all s ∈ S we have
(ImD−1)s = ImD
−1
s , (kerD
0)s = kerD
0
s . (2.14)
Again, the first isomorphism is a consequence of the right exactness of the functor −⊗OT
OTs . To prove the second isomorphism, we claim that
TorOTi (ImD
0,OTs) = 0
for all i > 0. Indeed the definition of Ts implies the isomorphism −⊗OT OTs ≃ −⊗OS k(s).
The claim is a consequence of the S-flatness of ImD0, and the second isomorphism in
(2.14) follows from eq. (2.9). By restricting (2.10) to Ts and using (2.14) one gets
ImD−1s
ιs // kerD0s // HomOT (E , E
′)s // 0 . (2.15)
Again one can repeat the construction for the restricted sheaves Es and E
′
s on Ts, getting
the short exact sequence
0 // ImD−1s
js // kerD0s
// HomOTs (Es, E
′
s)
// 0 . (2.16)
By comparing (2.15) and (2.16) it is easy to deduce that ιs = js, which implies that ιs is
injective for all points s ∈ S. From [20, Lemma 2.1.4] it follows that HomOT (E , E
′) is flat
on S, and by comparing the two previous exact sequences one also gets the isomorphism
HomOT (E , E
′)s ≃ HomOTs (Es, E
′
s) .

3. Statement of the main result
Let Σn be the n-th Hirzebruch surface, i.e., the projective closure of the total space
of the line bundle OP1(−n). We denote by F the class in Pic(Σn) of the natural ruling
Σn −→ P
1, by H the class of the section of the ruling squaring to n, and by E the class of
the section squaring to −n. One has E = H − nF and F 2 = 0, H · F = 1. We fix a curve
ℓ∞ ≃ P
1 in Σn linearly equivalent to H and call it the “line at infinity”.
One has Pic(Σn) = ZH ⊕ ZF . For any sheaf E of OΣn-modules we shall write
E(p, q) := E ⊗ OΣn(pH + qF ) p, q ∈ Z .
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Lemma 3.1.
H0(OΣn(p, q)) 6= 0 if and only if
{
p ≥ 0
np+ q ≥ 0 ;
H1(OΣn(p, q)) 6= 0 if and only if
{
p ≥ 0
q ≤ −2
or
{
p ≤ −2
q ≥ n ;
H2(OΣn(p, q)) 6= 0 if and only if
{
p ≤ −2
np+ q ≤ −(n + 2) .
Proof. Similar to King’s proof for the case n = 1 [21, pp. 22-23]. 
Among the several definitions of framed sheaves available in the literature, we shall adopt
the following.
Definition 3.2. A framed sheaf is a pair (E , θ), where
(1) E is a torsion-free sheaf on Σn such that
E|ℓ∞ ≃ O
⊕r
ℓ∞
, (3.1)
with r = rk(E).
(2) θ is a fixed isomorphism θ : E|ℓ∞
∼
−→ O⊕rℓ∞.
Condition (3.1) implies c1(E) ∝ E. The isomorphism θ is the so-called framing at infinity.
By “sheaf trivial at infinity” we shall mean a sheaf satisfying condition (3.1) (without any
assigned framing).
Definition 3.3. An isomorphism Λ between two framed sheaves (E , θ) and (E ′, θ′) is an
isomorphism Λ : E
∼
−→ E ′ such that the following diagram commutes:
E|ℓ∞
θ //
Λ∞

O⊕rℓ∞
E ′|ℓ∞
θ′
<<②②②②②②②②
where Λ∞ := Λ|ℓ∞.
LetMn(r, a, c) be the set of isomorphism classes of framed sheaves on Σn having rank r,
first Chern class aE, and second Chern class c: we shall prove that this set can be endowed
with a structure of a smooth algebraic variety. We restrict ourselves to the case n ≥ 1 and
assume that the framed sheaves are normalized in such a way that 0 ≤ a ≤ r − 1.
In order to simplify the statement of Theorem 3.4 we introduce some notation.
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• We denote by ~k a quadruple (n, r, a, c), and define ki ∈ Z, i = 1, . . . , 4 as follows:
k1 = c+
1
2
na(a− 1) and

k2 = k1 + na
k3 = k1 + (n− 1)a
k4 = k1 + r − a .
(3.2)
The other definitions needed to state Theorem 3.4 make sense only under the as-
sumption k1 ≥ 0. The Theorem itself will give a deeper meaning to this inequality.
• We introduce the locally-free sheaves
U~k := OΣn(0,−1)
⊕k1
V~k := OΣn(1,−1)
⊕k2 ⊕O⊕k4Σn
W~k := OΣn(1, 0)
⊕k3.
(3.3)
We shall write U~k,∞ in place of U~k
∣∣
ℓ∞
, etc.
• We introduce the vector space
V~k := Hom
(
U~k,V~k
)
⊕ Hom
(
V~k,W~k
)
,
whose elements will be denoted by (α, β).
• Let L~k be the affine subvariety of V~k cut by the equation β ◦ α = 0. One has the
associated complex
M(α, β) : U~k
α // V~k
β
// W~k .
• We define the quasi-affine variety L~k as the open subset of L~k characterized by the
following five conditions:
(c1) the sheaf morphism α is a monomorphism;
(c2) the sheaf morphism β is an epimorphism;
(c3) the vector space morphisms α ⊗ k(y) have maximal rank for all closed points
y ∈ ℓ∞;
(c4) if we consider the display associated with the monad M(α, β) as in eq. (2.2),
and we restrict it to ℓ∞, after twisting by Oℓ∞(−1) and taking cohomology,
we get a vector space morphism Φ := H0 (ν|ℓ∞(−1)) : H
0 (A|ℓ∞(−1)) −→
H0
(
W~k,∞(−1)
)
; note that h0 (A|ℓ∞(−1)) = h
0
(
W~k,∞(−1)
)
= nk3. We re-
quire that
det Φ 6= 0 .
(c5) the cohomology Eα,β of the monad M(α, β) is torsion-free.
We shall prove in Lemma 4.9 that L~k is a smooth variety. We let Eα,β,∞ = Eα,β|ℓ∞ .
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• We consider the algebraic group
G~k = Aut
(
U~k
)
× Aut
(
V~k
)
×Aut
(
W~k
)
.
This group acts naturally on L~k according to the following formulas:{
α 7→ α′ = ψαφ−1
β 7→ β ′ = χβψ−1
ψ¯ = (φ, ψ, χ) ∈ G~k . (3.4)
This action will be called ρ0 : L~k ×G~k → L~k.
• We introduce (see subsection 4.2) a principal GL(r,C)-bundle P~k
τ
−→ L~k whose
fibre over (α, β) is naturally identified with the space of framings at infinity for Eα,β,
namely, a point η ∈ P~k is an isomorphism η : Eα,β,∞
∼
−→ O⊕rℓ∞ , where (α, β) = τ(η).
• One can lift ρ0 to an action ρ : P~k ×G~k → P~k by letting
ρ(η, ψ¯) = η ◦ Λ∞
(
α, β; ψ¯
)−1
, (3.5)
where (α, β) = τ(η), and after letting (α′, β ′) = ψ¯ · (α, β), the isomorphism
Λ∞
(
α, β; ψ¯
)
: Eα,β,∞ −→ Eα′,β′,∞
is induced by ψ¯ : M(α, β) −→M (α′, β ′). The identity
Λ∞(α, β, ψ¯
′ · ψ¯) = Λ∞(α
′, β ′, ψ¯′) ◦ Λ∞(α, β, ψ¯)
ensures that ρ is indeed an action. We note that the projection τ : P~k → L~k becomes
a G~k-equivariant morphism.
We have now all ingredients needed to state our main result.
Theorem 3.4 (Main Theorem). The set Mn(r, a, c) is nonempty if and only if
c+
1
2
na(a− 1) ≥ 0 .
If this is the case, it can be given the structure of a smooth algebraic variety of dimen-
sion 2rc + (r − 1)na2 by representing it as the quotient Mn(r, a, c) = P~k/G~k. Moreover,
Mn(r, a, c) turns out to be a fine moduli space of framed sheaves on Σn.
Note that
dimMn(r, a, c) = 2rc+ (r − 1)na2 = 2r∆,
where ∆ = c2 −
r−1
2r
c21 is the discriminant of the sheaves parametrized by M
n(r, a, c).
Corollary 3.5. The moduli space Mn(r, a, c) is irreducible.
Proof. One knows by instanton counting that Mn(r, a, c) is connected [5], hence, being
smooth, it is irreducible as well. 
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4. Families of framed sheaves
In this section we explain how the varieties L~k and P~k arise and construct a canonical
family
(
E˜~k, Θ˜~k
)
on the product Σn × P~k.
For any scheme S, let T = Σn × S and let ti, i = 1, 2 be the projections onto the
first and the second factor, respectively. Analogously, we introduce the product scheme
T∞ = ℓ∞ × S, together with the projections ui, i = 1, 2.
Definition 4.1. Let ~k = (n, r, a, c) ∈ Z4 with n ≥ 1, r ≥ 1 and 0 ≤ a ≤ r− 1. A coherent
sheaf F on T fulfills condition ~k if and only if it is flat on S and for all closed points s ∈ S
• the restricted sheaf Fs is torsion-free and trivial at infinity on Ts ≃ Σn;
• the Chern character of Fs is (r, aE,−c−
1
2
na2).
Definition 4.2. Given a vector ~k, and a scheme S, an S-family of framed sheaves on Σn
is a pair (F,Θ), where:
(1) F is a sheaf on T = Σn × S fullfilling condition ~k;
(2) Θ is an isomorphism F|T∞ → O
⊕r
T∞
.
Two S-families of framed sheaves on Σn are isomorphic if they are isomorphic as framed
sheaves on T (cf. Definition 3.3).
For any sheaf G of OT -modules we let
G(p, q) = G⊗ t∗1OΣn(p, q) for all (p, q) ∈ Z.
Proposition 4.3. A sheaf F on T that satisfies condition ~k is isomorphic to the cohomology
of a monad M(F) on T
M(F) : 0 // U
A // V
B // W // 0 ,
where the locally-free sheaves U and W are{
U = OT (0,−1)⊗ t
∗
2R
1t2∗ [F(−2, n− 1)]
W = OT (1, 0)⊗ t
∗
2R
1t2∗ [F(−1, 0)] .
The locally-free sheaf V is defined as an extension
0 // V−
c // V
d // V+ // 0 , (4.1)
where
{
V+ := t
∗
2R
1t2∗ [F(−2, n)]
V− := OT (1,−1)⊗ t
∗
2R
1t2∗ [F(−1,−1)]
and the morphisms c and d are determined by F.
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To prove this Proposition, one needs the following result.
Lemma 4.4. Let E be a torsion-free sheaf on Σn, trivial at infinity. One has
H0(E(p, q)) = 0 for np+ q ≤ −1 ,
H2(E(p, q)) = 0 for np+ q ≥ −(n + 1) .
Proof. When E is locally free, the proof is essentially the same as in [21, p. 24]. Otherwise
we get the thesis by using the injection E ֌ E∗∗. 
Proof of Proposition 4.3. Let us consider the product scheme Σn × Σn × S, together with
the canonical projections p12, p13 and p23. Buchdahl [6] proved the existence of a three-term
locally-free resolution G• ։ O∆ of the structure sheaf O∆ of the diagonal ∆ ⊆ Σn × Σn.
This is given by 
G0 = OΣn×Σn
G−1 = R∗
G−2 = OΣn(−1,−1)⊠OΣn(−1, n− 1)
;
here R is the extension
0→ OΣn(1, 0)⊠OΣn(1,−n)→ R→ OΣn(0, 1)⊠OΣn(0, 1)→ 0
corresponding to the image in H1(Σn × Σn,OΣn(1,−1) ⊠OΣn(1,−n − 1)) of t under the
connecting homomorphism of the exact sequence
0→ OΣn(1,−1)⊠OΣn(1,−n− 1))→ OΣn(1, 0)⊠OΣn(1,−n)
→ OΣn(1, 0)⊠OΣn(1,−n)⊗OY → 0 .
Here Y is a suitable divisor in Σn×Σn, while t is a section of OΣn(0, 1)⊠OΣn(0,−1)⊗OY
whose zero locus is ∆.
Given any sheaf F on T fullfilling condition ~k, we introduce the complex
C• = C−2 // C−1 // C0 = (p∗12G
•)⊗ [p∗23(F(−1, 0))] .
There are two spectral sequences, both abutting to the hyperdirect image R•p13∗(C
•). From
the first spectral sequence one gets
R
ip13∗(C
•) =
{
F(−1, 0) if i = 0
0 otherwise .
By using Lemma 4.4, one can obtain from the second exact sequence a complex that, when
twisted by OT (1, 0), yields M(F). 
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This proof implies that the sheaves R1t2∗ (F(p, q)) are locally free for
(p, q) ∈ I = {(−2, n− 1), (−1, 0), (−2, n), (−1,−1)} .
4.1. The variety L~k. As a straightforward consequence of Proposition 4.3 we get the
following result.
Corollary 4.5. Let the sheaf F and the monad M(F) be as in Proposition 4.3. Assume
that S is affine, and that the sheaves R1t2∗ (F(p, q)) are trivial for (p, q) ∈ I . There are
isomorphisms
U ≃ t∗1U~k ; V ≃ t
∗
1V~k ; W ≃ t
∗
1W~k ,
the sheaves U~k, V~k and W~k being defined as in eq. (3.3).
Proof. A trivialization for R1t2∗ (F(p, q)) amounts to choosing a closed point s0 ∈ S and
an isomorphism
R1t2∗ (F(p, q))
∼
−→ OS ⊗
[
R1t2∗ (F(p, q))⊗ k(s0)
]
.
Since Fs0 is torsion-free and trivial at infinity, from Lemma 4.4 and from the Semicontinuity
Theorem one obtains the isomorphism
R1t2∗ (F(p, q))⊗ k(s0) ≃ H
1 (Fs0(p, q)) .
The dimensions of the vector spaces H1(Fs0(p, q)) can be computed by means of Riemann-
Roch Theorem and Lemma 4.4:
h1 (Fs0(p, q)) =

k1 for (p, q) = (−2, n− 1)
k2 for (p, q) = (−1,−1)
k3 for (p, q) = (−1, 0)
k4 for (p, q) = (−2, n)
where ki, i = 1, . . . , 4 are as in eq. (3.2). As a consequence the sheaves R
1t2∗ (F(−2, n− 1)),
R1t2∗ (F(−1,−1)), R
1t2∗ (F(−1, 0)) and R
1t2∗ (F(−2, n)) are free of ranks k1, . . . , k4 respec-
tively, so that
U ≃ OT (0,−1)
⊕k1 ; W ≃ OT (1, 0)
⊕k3 ; V− ≃ O
⊕k4
T ; V+ ≃ OT (1,−1)
⊕k2 .
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The thesis follows for U and W. By plugging V− and V+ into the sequence eq. (4.1), the
latter splits, since
Ext1 (OT (1,−1),OT ) ≃ H
1 (T,OT (−1, 1)) ≃
≃ H0
(
S,R1t2∗OT (−1, 1)
)
≃
≃ H0
(
S,R1t2∗ [t
∗
1OΣn(−1, 1)]
)
≃
≃ H0(S,OS)⊗H
1 (Σn,OΣn(−1, 1)) = 0
(the second isomorphism holds true as S is affine and the vanishing is a consequence of
Lemma 4.4). This ends the proof. 
The following result is the absolute case of Proposition 4.3, obtained by letting S =
SpecC, and follows easily from Corollary 4.5.
Corollary 4.6. Any sheaf E on Σn that is torsion-free and trivial at infinity is isomorphic
to the cohomology of a monad M~k(E), which is of the form M(α, β) for a suitable (α, β) ∈
L~k. Note that we do not require k1 ≥ 0 a priori. As a consequence however, if k1 =
c+ 1
2
na(a− 1) < 0, the set Mn(r, a, c) is empty.
We fix a ~k such that k1 ≥ 0. One should note that M~k(E) ≃ M~k(E
′) whenever E ≃ E ′.
This provides a map between the set of isomorphism classes of torsion-free sheaves on
Σn that are trivial at infinity and the set of isomorphism classes of monads of the form
M(α, β). The following two results establish the injectivity of this map, and enable us to
characterize its image.
Lemma 4.7. Let (α, β), (α′, β ′) be any two points in L~k satisfying the conditions (c1) and
(c2) introduced in section 3 (therefore M = M(α, β) and M ′ = M (α′, β ′) are monads).
Then
M ≃ M ′ if and only if E(M) ≃ E(M ′).
Proof. The proof of [27, Lemma 4.1.3] holds true also when the cohomology sheaf of the
monad is not locally free. 
Proposition 4.8. For any point (α, β) ∈ L~k satisfying conditions (c1) and (c2), the
cohomology E of the monad M(α, β) is trivial at infinity if and only if the morphisms
(α, β) satisfy conditions (c3) and (c4).
Proof. Condition (c3) is equivalent to the local freeness of E|ℓ∞. As for condition (c4), the
display of M(α, β) produces the exact sequence
H0 (E|ℓ∞(−1)) // // H
0 (A|ℓ∞(−1))
Φ // H0
(
W~k,∞(−1)
)
// // H1 (E|ℓ∞(−1)) .
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Condition (c4) is equivalent to the vanishing of H i (E|ℓ∞(−1)), i = 0, 1. The thesis follows
easily. 
This result enables us to identify L~k with the subset of V~k whose points correspond to
cohomology sheaves Eα,β that are torsion-free and trivial at infinity.
Lemma 4.9. The variety L~k is smooth of dimension dimL~k = dimV~k − dimW~k, where
W~k = Hom
(
U~k,W~k
)
.
Proof. We define the map
ζ : V~k −→ W~k
(α, β) 7−→ βα.
So L~k is the set {ζ = 0}. The differential dζ at the point (α0, β0) ∈ L~k is the linear map
(dζ)|(α0,β0) : V~k −→ W~k
(α, β) 7−→ β0α+ βα0.
The rank of this map is equal to d = dimV~k − dimL~k on the (non empty) nonsingular
locus of L~k, and outside of this set is bounded above by d (see [14, pp. 31-33]).
One can prove as in [27, Lemma II.4.1.7] that for any point (α, β) ∈ L~k, there is an
isomorphism
coker(dζ)|(α,β) ≃ H
2
(
E∗α,β ⊗ Eα,β
)
.
Now, E∗α,β ⊗ Eα,β is torsion-free and trivial at infinity, so that H
2
(
E∗α,β ⊗ Eα,β
)
= 0 by
Lemma 4.4 and dζ has maximal rank everywhere on L~k. Since the singular locus of L~k
coincides with the set of points in which dζ fails to have maximal rank, L~k is smooth. 
4.2. The variety P~k. Let us introduce the varieties Υ = Σn × L~k and Υ∞ = ℓ∞ × L~k,
together with the canonical projections shown in the following diagram:
ℓ∞

 // Σn
Υ∞

 //
u˘1
OO
u˘2 !!❉
❉❉
❉❉
❉❉
❉
Υ
t˘1
OO
t˘2

L~k .
On Υ we define the complex
M˘~k : t˘
∗
1U~k
fA // t˘∗1V~k
fB // t˘∗1W~k
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where fA and fB are the defined by the formulas
fA : (˘t
∗
1U~k)(x,α,β) −→ (˘t
∗
1V~k)(x,α,β)
u 7−→ α(u)
fB : (˘t
∗
1V~k)(x,α,β) −→ (˘t
∗
1W~k)(x,α,β)
v 7−→ β(v)
;
here u and v are points in the fibres over (x, α, β) ∈ Σn × L~k. This complex is actually a
monad by Lemma 2.1: let E˘~k be its cohomology. This sheaf satisfies condition
~k, and more
precisely one has the following isomorphism for all points (α, β) ∈ L~k:(
E˘~k
)
(α,β)
≃ Eα,β . (4.2)
The restriction M˘~k,∞ of M˘~k to Υ∞ is isomorphic to the monad
0 // u˘∗1U~k,∞
gA // u˘∗1V~k,∞
gB // u˘∗1W~k,∞
// 0 .
where gA and gB are the defined by the formulas
gA : (u˘
∗
1U~k,∞)(x,α,β) −→ (u˘
∗
1V~k,∞)(x,α,β)
u 7−→ α|ℓ∞(u)
gB : (u˘
∗
1V~k,∞)(x,α,β) −→ (u˘
∗
1W~k,∞)(x,α,β)
v 7−→ β|ℓ∞(v)
.
The cohomology of M˘~k,∞ will be denoted by E˘~k,∞. It turns out that(
E˘~k,∞
)
(α,β)
≃ Eα,β,∞
for all points (α, β) ∈ L~k.
Let N~k denote the direct image u˘2∗E˘~k,∞. Since E˘~k,∞ is a trivial vector bundle on each
fibre of u˘2, the sheaf N~k is locally free of rank r. Let P~k be its bundle of linear frames,
which is a principal GL(r) bundle on L~k. Moreover, if
τ : P~k → L~k (4.3)
is the projection, the vector bundle N˜~k = τ
∗N~k is trivial. A point η ∈ P~k determines a
framed sheaf (E , θ) up to isomorphism, and two points in P~k corresponding to isomorphic
framed sheaves are related by the action of an element of the group G~k of the automor-
phisms of the monad. Indeed, in Section 5 we shall construct the moduli space of framed
sheaves as a quotient P~k/G~k.
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4.3. The family
(
E˜~k, Θ˜~k
)
. The geometrical environment of this subsection is provided
by the varieties Σn×P~k and ℓ∞×P~k, together with the canonical projections shown in the
following diagram:
ℓ∞

 // Σn
ℓ∞ × P~k

 //
u˜1
OO
u˜2 %%▲▲
▲▲
▲▲
▲▲
▲▲
Σn × P~k
t˜1
OO
t˜2

P~k .
Proposition 4.10. Let E˜~k := (idΣn ×τ)
∗
E˘~k. This sheaf satisfies condition
~k, and in
particular for any point η ∈ P~k one has the natural isomorphism(
E˜~k
)
η
≃ Eτ(η) . (4.4)
We shall call E˜~k,∞ the restriction of E˜~k to ℓ∞×P~k, so that E˜~k,∞ ≃ (idP1 ×τ)
∗
E˘~k,∞ ≃ u˜
∗
2N˜~k.
Proof. The flatness of E˜~k on P~k follows from the identification Σn × P~k ≃ P~k ×L~k Υ. The
isomorphism (4.4) follows from eq. (4.2) since (E˜~k)η ≃ (E˘~k)τ(η). The last statement is
trivial. 
One can extend the action ρ of G~k on P~k to actions ρ˜ on Σn×P~k and ρ∞ on ℓ∞×P~k by
setting {
ρ˜ := idΣn ×ρ
ρ∞ := idℓ∞ ×ρ .
Proposition 4.11. The sheaves E˜~k and E˜~k,∞ are, respectively, isomorphic to the coho-
mologies of the monads
M˜~k := (idΣn ×τ)
∗
M˘~k;
M˜~k,∞ := (idℓ∞ ×τ)
∗
M˘~k,∞.
Both monads M˜~k and M˜~k,∞ are G~k-equivariant.
Corollary 4.12. The sheaf E˜~k admits a G~k-linearization Ψ satisfying the isomorphism(
Ψ|ℓ∞×P~k×G~k
)
(η,ψ¯)
≃ Λ∞
(
α, β; ψ¯
)
for any point
(
η, ψ¯
)
∈ P~k ×G~k. Here (α, β) = τ(η).
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Proof. One defines a morphism of monads m∗12M˘~k → (idΣn ×ρ0)
∗
M˘~k by letting
(m∗12M˘~k)(x,α,β,ψ¯) −→ ((idΣn ×ρ0)
∗
M˘~k)(x,α,β,ψ¯)
(u, v, w) 7−→ (φ(u), ψ(v), χ(w))
.
where m12 : Υ×G~k → Υ is the canonical projection and ρ0 was defined in eq. (3.4). This
induces by pullback a morphism Ψ as in the statement of this Corollary. 
Since P~k is the bundle of linear frames of N~k, there exists a canonical isomorphism
N˜~k −→ O
⊕r
P~k
, which can be regarded as a framing Θ˜~k for the sheaf E˜~k. As a consequence
of eq. (3.5), the morphism Θ˜~k is G~k-equivariant, namely, the following diagram commutes
l∗12E˜~k,∞
l∗
12
Θ˜~k //
Ψ∞

O⊕rℓ∞×P~k×G~k
ρ∗∞E˜~k,∞
ρ∗
∞
Θ˜~k
88♣♣♣♣♣♣♣♣♣♣
where Ψ∞ = Ψ|ℓ∞×P~k×G~k and l12 : ℓ∞ × P~k ×G~k −→ ℓ∞ × P~k is the projection.
5. The moduli space Mn(r, a, c)
In this section we give the moduli space Mn(r, a, c) a scheme structure, and prove the
first part of the Main Theorem 3.4. The spaceMn(r, a, c) can be set-theoretically identified
with the quotient P~k
/
G~k. We denote by π : P~k −→M
n(r, a, c) the natural projection.
Theorem 5.1. The orbit spaceMn(r, a, c) is a smooth algebraic variety, and P~k is a locally
trivial principal G~k-bundle over it.
In order to prove this Theorem, we need to investigate some properties of the G~k-action
on P~k.
Lemma 5.2. Let E and E ′ be sheaves on Σn that are torsion-free and trivial at infinity.
There is an injection
0 // Hom(E , E ′)
R // Hom(E|ℓ∞, E
′|ℓ∞) ≃ End(C
r)
where R is the restriction morphism.
Proof. If E and E ′ are locally free, one has Hom (E , E ′) ≃ H0(E∗ ⊗ E ′). The sheaf E∗ ⊗ E ′
is locally free and trivial at infinity, so that the result follows by twisting the structure
sequence of ℓ∞ by it and taking cohomology (see Lemma 4.4). In general, one can conclude
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because there is an injective morphism Hom (E , E ′) → Hom (E∗∗, E ′∗∗), and E∗∗ and E ′∗∗
are locally free. 
This result generalizes to the relative situation. Let S be a scheme, and let F and F′ be
two sheaves on T = Σn × S satisfying condition ~k.
Corollary 5.3. The restriction morphism
Hom (F,F′)
R // Hom(F|T∞ ,F
′|T∞)
is injective.
Proof. Let H = Hom (F,F′). Since both F and F′ are locally free along T∞ one gets
Tori (H ,OT∞) = 0 for i > 0 (see for example [12, p. 700]). Thus, if we twist the structure
sequence of the divisor T∞ by H , we get
0 // H (−T∞) // H // H |T∞ // 0 ,
where H |T∞ ≃ Hom (F|T∞ ,F
′|T∞). It follows that
kerR = H0 (H (−T∞)) = H
0 (t2∗ (H (−T∞))) .
By Propositions 4.3 and the first claim in Proposition 2.3, the sheaf H (−T∞) is flat on S.
Moreover, the second claim in Proposition 2.3 and Lemma 5.2 yield the following vanishing
result for all closed points s ∈ S:
H0 (H (−T∞)s) = H
0 (Hom (Fs,F
′
s) (−ℓ∞)) = 0 .
The Semicontinuity Theorem entails the vanishing of the sheaf t2∗ (H (−T∞)). This ends
the proof. 
Corollary 5.4. The action of G~k on P~k is free.
Proof. Let
(
α, β; ψ¯
)
∈ L~k × G~k, and put (α
′, β ′) = ψ¯ · (α, β). It follows from Lemma 5.2
that a morphism Λ ∈ Hom(Eα,β, Eα′,β′) is fully determined by its restriction Λ∞ to ℓ∞.
It is not difficult to see [27, Lemma 4.1.3] that Λ is induced by a unique isomorphism
ψ¯ :M(α, β) −→M(α′, β ′) between the corresponding monads.
Whenever ψ¯ lies in the stabilizer of a point η ∈ P~k, one has Λ∞
(
α, β; ψ¯
)
= idEα,β,∞ ,
where (α, β) = τ(η). Since ψ¯ is uniquely determined, this implies ψ¯ = idG~k . 
Proposition 5.5. The graph Γ of the action ρ is closed in P~k × P~k.
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Proof. Let x =
(
ηα,β, η
′
α′,β′
)
be a point in Γ; by ηα,β we mean that η belongs to the fibre
over (α, β). One has
Λ∞ :=
(
η′α′,β′
)−1
◦ ηα,β ∈ Iso (Eα,β,∞, Eα′,β′,∞) .
We define the vector space HomΛ (Eα,β, Eα′,β′) as the fibre product
HomΛ (Eα,β, Eα′,β′)
i //
j

C
·Λ∞

Hom(Eα,β, Eα′,β′)
R // Hom (Eα,β,∞, Eα′,β′,∞) ,
(5.1)
where R is the restriction morphism to ℓ∞, and ·Λ∞ is the multiplication by Λ∞. Both
morphisms i and j are injective, since R is injective by Lemma 5.2, while ·Λ∞ is injective
by the invertibility of Λ∞ [16, Lemma 1.2].
Thus, HomΛ (Eα,β, Eα′,β′) is the subspace of homomorphisms between Eα,β and Eα′,β′ that
at infinity reduce to multiples of Λ∞. By [16, Lemma 1.1] one has the short exact sequence
0→ HomΛ (Eα,β, Eα′,β′)→ C⊕ Hom (Eα,β, Eα′,β′)
(·Λ∞,−(·)|ℓ∞)−−−−−−−−→ Hom (Eα,β,∞, Eα′,β′,∞)→ 0 . (5.2)
Since the morphism i in the diagram (5.1) is injective, one has dimHomΛ (Eα,β, Eα′,β′) ≤ 1,
so that HomΛ (Eα,β, Eα′,β′) is either zero or is generated by Λ∞. Hence,
Γ =
{(
ηα,β, η
′
α′,β′
)
∈ P~k × P~k
∣∣ dimHomΛ (Eα,β, Eα′,β′) = 1} . (5.3)
Let us consider the following product varieties, along with the associated canonical projec-
tions:
X := Σn × P~k × P~k
q12 //
q13
//
q23 ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
Σn × P~k
P~k × P~k ,
Y := ℓ∞ × P~k × P~k
p12 //
p13
// ℓ∞ × P~k .
One can pull-back the family
(
E˜~k, Θ˜~k
)
to X in two different ways, getting
(
q∗1iE˜~k, p
∗
1iΘ˜~k
)
with i = 2, 3. Out of these two pairs one defines
K = Hom
(
q∗12E˜~k, q
∗
13E˜~k
)
Ω =
(
p∗13Θ˜~k
)−1
◦
(
p∗12Θ˜~k
)
∈ Iso
(
p∗12E˜~k,∞, p
∗
13E˜~k,∞
)
.
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Since q∗1iE˜~k for i = 2, 3 are locally free along Y, there is an isomorphism
K∞ := Hom
(
p∗12E˜~k,∞, p
∗
13E˜~k,∞
)
≃ K |Y .
We introduce the sheaf KΩ by means of the exact sequence
0 // KΩ // OY ⊕K
(·Ω,−(·)|Y)
// K∞ // 0 .
By the second claim in Proposition 2.3, for any point x =
(
ηα,β, η
′
α′,β′
)
∈ P~k × P~k the
restriction of this sequence to the fibre of q23 over x is isomorphic to the sequence (5.2).
In particular one gets the isomorphism
H0 (KΩ,x) ≃ HomΛ (Eα,β, Eα′,β′) . (5.4)
Since, by Proposition 2.3, the sheaf K is flat on P~k × P~k, the sheaf KΩ is flat on P~k × P~k
as well [14, Prop. III. 9.1A.(e)]. Equation (5.4) and the Semicontinuity Theorem ensure
that Γ, as characterized in (5.3), is closed. 
The smooth algebraic varieties P~k and G~k have unique compatible structures of complex
manifolds P an~k and G
an
~k
. Note that Γ is closed in P an~k × P
an
~k
as well.
Corollary 5.6. The action of Gan~k on P
an
~k
is locally proper.
Proof. Let Kη0 be a compact neighbourhood of a point η0 ∈ P
an
~k
. We consider the mor-
phism
γη0 : Kη0 ×G
an
~k
−→ P an~k × P
an
~k(
η; ψ¯
)
7−→
(
η, ψ¯ · η
)
.
Since the action of Gan~k is free, γη0 is injective, so that its image is
Im γη0 = Γ ∩
(
Kη0 × P
an
~k
)
.
We have to prove that the counterimage
(
ρ|Kη0×Gan~k
)−1
(K) of any compact subset K ⊂ P an~k
is compact. But it is easy to see that(
ρ|Kη0×Gan~k
)−1
(K) = γ−1η0 (Γ ∩ (Kη0 ×K)) .
As Γ is closed by Proposition 5.5, the thesis follows. 
We recall that an algebraic groupG is said to be special if every locally isotrivial principal
G-bundle is locally trivial [28] (a fibration is said to be isotrivial if it is trivial in the e´tale
topology).
Lemma 5.7. The group G~k is special.
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Proof. For any two positive integers p, q, let Hp,q be the subgroup of GL(p + q,C) whose
elements are the matrices(
1q A
0 1p
)
, where A ∈ Hom (Cp,Cq) .
This group is isomorphic to the direct product of copies of the additive group C, and
therefore it is special [13, Prop. 1]. We have
G~k ≃ GL(k1,C)×Aut
(
V~k
)
×GL(k3,C) ,
where Aut
(
V~k
)
can be embedded as a closed subgroup in GL(nk2 + k4,C). Moreover
Hk4,nk2 is a normal subgroup of Aut
(
V~k
)
, and we get the short exact sequence of groups:
1 // Hk4,nk2 // G~k
// GL(k1,C)×GL(k2,C)×GL(k4,C)×GL(k3,C) // 1 .
Since the group GL(p,C) is special for any p [28, Thm. 2], it turns out that G~k is special
as well [28, Lemma 6]. 
We have now all ingredients to prove Theorem 5.1.
Proof of Theorem 5.1. Since Mn(r, a, c) is defined as a quotient set, the canonical pro-
jection π induces both the quotient topology, which makes Mn(r, a, c) into a noetherian
topological space, and a canonical structure of ringed space (see for example [29]).
Let Mn(r, a, c)an := P an~k /G
an
~k
and let πan : P an~k −→ M
n(r, a, c)an be the projection.
Since the action of Gan~k on P
an
~k
is free and locally proper, [17, Satz 24] implies that
Mn(r, a, c)an with its natural structure of ringed space is a complex manifold.
We have a commutative diagram of ringed spaces:
P an~k
//
πan

P~k
π

Mn(r, a, c)an //Mn(r, a, c) .
It follows plainly thatMn(r, a, c) is an algebraic variety, and is smooth sinceMn(r, a, c)an
is (see [30, p. 109]).
Moreover, the morphism P~k × G~k −→ P~k × P~k defined by ρ is a closed immersion, and
Mn(r, a, c) is a geometric quotient of P~k modulo G~k. It follows from [23, Prop 0.9] that P~k
is a principal G~k-bundle over M
n(r, a, c), in particular it is locally isotrivial. Lemma 5.7
says that P~k is actually locally trivial, and this completes the proof. 
We can now prove the Main Theorem 3.4.
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Proof of the Main Theorem, first part. From Corollary 4.6, if k1 < 0 the set M
n(r, a, c) is
empty. Vice versa, let ~k = (n, r, a, c) be such that k1 ≥ 0 and 0 ≤ a < r, and define the
sheaf E~k as follows:
E~k =

IZ if r = 1
IZ ⊕OΣn(E)
⊕a ⊕O
⊕(r−a−1)
Σn
if r > 1,
where IZ is the ideal sheaf of a 0-dimensional subscheme Z ⊂ Σn of length k1, whose
support does not intersect ℓ∞. The sheaf E~k has a natural framing at infinity. Its Chern
character is (r, aE,−c− 1
2
na2). It follows that Mn(r, a, c) is empty if and only if k1 < 0.
By Theorem 5.1, Mn(r, a, c) is a smooth algebraic variety, and its dimension can be
computed from the dimensions of L~k, GL(r,C) and G~k. 
6. The universal family
In this section we show that the moduli space Mn(r, a, c) is fine by constructing a
universal family of framed sheaves on Σn, i.e., we prove the second part of the Main
Theorem 3.4. Let us define the varieties Ξ = Σn×M
n(r, a, c) and Ξ∞ = ℓ∞×M
n(r, a, c),
together with the canonical projections shown in the following diagram:
ℓ∞

 // Σn
Ξ∞

 //
u1
OO
u2 %%▲▲
▲▲
▲▲
▲▲
▲▲
Ξ
t1
OO
t2

Mn(r, a, c) .
Let q : t∗2P~k → Ξ and p : u
∗
2P~k → Ξ∞ be the natural projections; note that t
∗
2P~k ≃ Σn×P~k,
u∗2P~k ≃ ℓ∞ × P~k, q = idΣn ×π, p = idℓ∞ ×π, where π : P~k −→ M
n(r, a, c) is the quotient
morphism. We define the sheaf
E~k =
(
q∗E˜~k
)G
on Ξ, where ()G denotes taking invariants with respect to the action of G~k on P~k.
Proposition 6.1. E~k is a rank r coherent sheaf, satisfying condition
~k. Actually, for any
point [η] ∈Mn(r, a, c) with τ(η) = (α, β) one has the isomorphism(
E~k
)
[η]
≃ Eα,β .
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Furthermore, by considering the restriction at infinity E~k,∞ := E~k
∣∣
Ξ∞
we get
E~k,∞ ≃
(
p∗E˜~k,∞
)G
. (6.1)
We need a few preliminary results. First, we take the monad M˜~k = (idΣn ×τ)
∗
M˘~k as in
Proposition 4.11, and we let
M˜~k = 0
// U˜~k
fA // V˜~k
fB // W˜~k
// 0
(the morphism τ was defined in Equation (4.3)). Analogously, we let
M˜~k,∞ = 0
// U˜~k,∞
gA // V˜~k
gB // W˜~k,∞
// 0 .
We introduce the subsheaves
U~k =
(
q∗U˜~k
)G
; V~k =
(
q∗V˜~k
)G
; W~k =
(
q∗W˜~k
)G
;
U~k,∞ =
(
p∗U˜~k,∞
)G
; V~k,∞ =
(
p∗V˜~k,∞
)G
; W~k,∞ =
(
p∗W˜~k,∞
)G
,
Lemma 6.2. The sheaves U~k, V~k and W~k are locally free of rank k1, k2 + k4 and k3,
respectively. Furthermore, there are isomorphisms
q
∗U~k ≃ U˜~k ; q
∗V~k ≃ V˜~k ; q
∗W~k ≃ W˜~k ;
p
∗U~k,∞ ≃ U˜~k,∞ ; p
∗V~k,∞ ≃ V˜~k,∞ ; p
∗W~k,∞ ≃ W˜~k,∞.
Proof. We prove the thesis for the sheaf U˜~k, since the other cases are analogous.
We claim that there exists an open cover of t∗2P~k over which U˜~k can be G~k-equivariantly
trivialized. Let V ⊆ Mn(r, a, c) be an open subset over which P~k trivializes. This implies
the existence of a morphism
q−1(Σn × V ) ∋ (x, η) 7−→ (φ(x, η), ψ(x, η), χ(x, η)) ∈ G~k .
This enables us to define an automorphism h of U˜~k by the equation
h : (U˜~k)(x,η) −→ (U˜~k)(x,η)
u 7−→ φ(x, η).u
.
At the same time, let g : U~k|U −→ O
⊕k1
U be a trivialization of U~k over a suitable open
subset U ⊆ Σn. On the intersection W = q
−1(Σn × V ) ∩ t˜
−1(U) = U × π−1(V ) it makes
sense to pursue the composition (˜t∗1g) ◦ h, and it is easy to prove that this isomorphism
is a G~k-equivariant trivialization for U˜~k over W . Since we can cover t
∗
2P~k with such open
subsets the claim follows.
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The equivariant trivializations induce isomorphisms such U~k|U×V −→
(
q∗O
⊕k1
W
)G
=
O⊕k1U×V , and this proves the first statement.
To get the second statement, consider the natural morphism
q
∗U~k −֒→ q
∗
(
q∗U˜~k
)
−→ U˜~k . (6.2)
By using equivariant trivializations one can show that the restriction of this morphism to
all subsets like W is invertible, and this completes the proof. 
Remark 6.3. Since the restriction morphism ·|ℓ∞×P~k is G~k-equivariant, the triples of
sheaves
(
U~k,V~k,W~k
)
on Ξ and
(
U~k,∞,V~k,∞,W~k,∞
)
on Ξ∞ are related by restriction at
infinity, that is, U~k,∞ ≃ U~k
∣∣
Ξ∞
, V~k,∞ ≃ V~k
∣∣
Ξ∞
and W~k,∞ ≃ W~k
∣∣
Ξ∞
. △
We introduce now the “universal” monad.
Proposition 6.4. One has the following commutative diagram of monads on Ξ:
M~k : 0
// U~k
A~k //
·|Ξ∞

V~k
B~k //
·|Ξ∞

W~k
//
·|Ξ∞

0
M~k,∞ : 0
// U~k,∞
A~k,∞ // V~k,∞
B~k,∞ // W~k,∞
// 0
(6.3)
where 
A~k := (q∗fA)|U~k
B~k := (q∗fB)|V~k
and

A~k,∞ := (p∗gA)|U~k,∞
B~k,∞ := (p∗gB)|V~k,∞
.
The sheaves E~k and E~k,∞ are isomorphic to the cohomologies of the monads M~k and M~k,∞,
respectively.
Proof. The morphisms of M~k are well defined due to the G~k-equivariance of fA and fB.
The condition B~k ◦ A~k = 0 follows from the functoriality of q∗. The injectivity of A~k is
apparent since A~k is the restriction of the injective morphism q∗fA. Lemma 6.2 implies
q
∗B~k ≃ fB and q
∗
(
cokerB~k
)
≃ coker fB = 0; the vanishing of cokerB~k follows from the
faithful flatness of q.
The proof for M~k,∞ is analogous, and the commutativity of the diagram is an easy
consequence of Remark 6.3.
We prove now that E~k is the cohomology M~k. The analogous result for E~k,∞ is proved
in the same way. Let E be the cohomology of M~k. By applying Proposition 4.11 to the
display ofM~k one obtains a natural injection ι : E −֒→ E~k. We claim that ι is invertible. By
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pulling-back the display of M~k to t
∗
2P~k and applying Lemma 6.2 one gets an isomorphism
κ : q∗E −→ E˜~k which fits into a commutative triangle
q
∗E
q
∗ι
//
κ
""❉
❉❉
❉❉
❉❉
❉❉
q
∗E~k
ϕ

E˜~k
(6.4)
where ϕ is defined analogously to (6.2). Actually ϕ is an isomorphism, as follows directly
from the definition of E~k = (q∗E˜~k)
G~k . Indeed, since the matter is local on Ξ = Σn ×
Mn(r, a, c), we can replace the latter with an open affine subset and apply Lemma A.6
in [2] (note that q is faithfully flat). We deduce from the diagram (6.4) that q∗ι is an
isomorphism, and since q is faithfully flat, ι is invertible as well. This completes the
proof. 
Proof of Proposition 6.1. The coherence of E~k follows from E~k ≃ E
(
M~k
)
, and its rank can
be computed easily from the ranks of U~k, V~k and W~k given by Lemma 6.2. From Lemma
6.2 and Proposition 6.4 we get isomorphisms q∗M~k ≃ M˜~k, q
∗E~k ≃ E˜~k and q
∗A~k ≃ A˜~k.
Note that
(
A~k
)
[η]
= α for all points [η] ∈ Mn(r, a, c), with τ(η) = (α, β). The flateness
of E~k follows from [20, Lemma 2.1.4] applied to the analogue of the sequence (2.6) for the
monad M~k. This is enough to show that E~k satisfies condition
~k.
Finally, eq. (6.1) is a consequence of the commutativity of the diagram (6.3). 
The morphism Θ˜~k (cf. subsection 4.3) provides a framing for the sheaf E~k. Note that
this morphism is G~k-equivariant.
Definition 6.5. We define the isomorphism Θ~k as the restriction of p∗Θ˜~k to the G~k-
invariant subsheaf E~k,∞:
Θ~k :=
(
p∗Θ˜~k
)∣∣∣
E~k,∞
: E~k,∞
∼
−→ O⊕rΞ∞ .
We shall call Θ~k the universal framing.
We show how to associate a scheme morphism f[(F,Θ)] : S −→ M
n(r, a, c) with an
isomorphism class [(F,Θ)] of families of framed sheaves on T = Σn × S. We begin by
describing some properties of the monad M(F).
Lemma 6.6. Let F be a sheaf on T which satisfies condition ~k, and let M(F) be a monad
for it.
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• For any closed point s ∈ S there is an isomorphism of complexes
M(F)s ≃ M(α(s), β(s)) , (6.5)
where (α(s), β(s)) = (As, Bs) ∈ L~k.
• The restriction M(F)∞ of the monad M(F) to T∞ is a monad, whose cohomology
is isomorphic to F|T∞. For any closed point s ∈ S there is an isomorphism
M(F)∞,s ≃ 0 // U~k,∞
α(s)|ℓ∞ // V~k,∞
β(s)|ℓ∞ // W~k,∞
// 0 . (6.6)
Proof. The proof splits in two steps. 1. Let s ∈ S be any closed point. By Corollary 4.5,
there is an isomorphism
M(F)s ≃ U~k
As // V~k
Bs // W~k .
It is enough to show that As is injective. This is a consequence of the application of [20,
Lemma 2.1.4] to the short exact sequence.
0 // U
A // kerB // F // 0 .
Hence M(F)s is a monad, whose cohomology is isomorphic to Fs; the latter sheaf is torsion
free and trivial at infinity. Proposition 4.8 implies (As, Bs) ∈ L~k.
2. Equation (6.6) follows from eq. (6.5), since the condition (α(s), β(s)) ∈ L~k implies
that α(s)|ℓ∞ is injective. By Lemma 2.1 this condition ensures that A∞ is injective. 
Remark 6.7. Suppose that (F,Θ) is a family of framed sheaves on T . For any closed
point s ∈ S, let θ(s) = Θs be the restricted framing. One has
θ(s) ∈ Iso
(
Eα(s),β(s),∞,O
⊕r
P1
)
.
△
We proceed with the construction of the morphism f[(F,Θ)] : S −→M
n(r, a, c) by defining
it first on closed points. We choose an open affine cover S =
⋃
a∈A Sa =
⋃
a∈A SpecSa
where each Sa’s satisfies the conditions required of the scheme S in Corollary 4.5. Moreover,
if (A,B) is the pair of morphisms in the monadM(F), we introduce the following notation:
(Aa, Ba,Θa) := (A|Σn×Sa , B|Σn×Sa ,Θ|ℓ∞×Sa) .
Recall that t2 : T −→ S is the projection. Note that by applying the functor t2∗ to the
monad M(F) restricted to Σn × Sa we obtain a complex of trivial sheaves on Sa, so that
(t2∗Aa, t2∗Ba) ∈ V~k ⊗Sa ≃ S
⊕d
a .
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If we define (αa(s), βa(s)) = (t2∗Aa, t2∗Ba) ⊗Sa k(s) we obtain the same morphisms as in
Lemma 6.6. We define a morphism f¯a : Sa −→ L~k by letting f¯a(s) = (αa(s), βa(s)). We
complete this to a scheme morphism by defining the ring homomorphism
f¯ ♯a : C[z1, . . . , zd] −→ Sa
which maps the polynomial g to g˜ (Aa, Ba), where g˜ is the natural extension of g to the
ring Sa[z1, . . . , zd].
In the same way, we define θa(s) = u2∗Θ⊗Sa k(s). This allows us to lift the morphisms
f¯a to morphisms f˜a : Sa −→ P~k which we define on closed points as f¯a(s) = θa(s). Again,
these extend to scheme morphisms. By composing these morphisms with the projection
π : P~k −→ M
n(r, a, c) we obtain morphisms fa : Sa −→ M
n(r, a, c), which glue to a
morphism f[(F,Θ)] : S −→ M
n(r, a, c), since on overlaps the different f˜a’s differ by the
action of G~k.
6.1. Fineness. In this section we prove thatMn(r, a, c) represents a moduli functor, i.e.,
it is a fine moduli space. Let Sch be the category of noetherian reduced schemes of finite
type over C and Sets the category of sets.
Definition 6.8. For any vector ~k such that k1 ≥ 0 we introduce the contravariant functor
Mod~k : Sch −→ Sets by the following prescriptions:
• for any object S ∈ Ob (Sch) we define the set Mod~k(S) as
Mod~k(S) :=
{S-families (F,Θ) of framed sheaves on Σn }
{isomorphisms}
;
• for any morphism ϕ : S ′ −→ S we define the set-theoretic map
Mod~k(ϕ) : Mod~k(S) −→ Mod~k(S
′)
[(F,Θ)] 7−→ [(ϕ∗ΣF, ϕ
∗
∞Θ)] ,
where ϕΣ = idΣn ×ϕ and ϕ∞ = idℓ∞ ×ϕ.
(Notations such as ϕΣ and ϕ∞ will be used repeatedly in the following.) Observe that
Mod~k (SpecC) is the set underlying M
n(r, a, c). The key property of this functor is the
following.
Proposition 6.9. The functor Mod~k(−) is represented by the schemeM
n(r, a, c), that is,
there is a natural isomorphism of functors
Mod~k(−) ≃ Hom (−,M
n(r, a, c)) .
This implies that Mn(r, a, c) is a fine moduli space of framed sheaves on Σn. The pair(
E~k,Θ~k
)
on Σn ×M
n(r, a, c) is a universal family of framed sheaves on Σn.
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We divide the proof of this Proposition in three Lemmas.
Lemma 6.10. Let S be any scheme.
• We define the map µS as
µS : Mod~k(S) −→ Hom (S,M
n(r, a, c))
[(F,Θ)] 7−→ f[(F,Θ)] .
• We define the map νS as
νS : Hom (S,M
n(r, a, c)) −→ Mod~k(S)
f 7−→
[(
f ∗ΣE~k, f
∗
∞Θ~k
)]
.
In this way we get natural tranformations µ : Mod~k(−) −→ Hom (−,M
n(r, a, c)) and
ν : Hom (−,Mn(r, a, c)) −→Mod~k(−).
Proof. The naturality of ν is straightforward since[(
ϕ∗Σf
∗
ΣE~k, ϕ
∗
∞f
∗
∞Θ~k
)]
=
[(
(f ◦ ϕ)∗Σ E~k, (f ◦ ϕ)
∗
∞Θ~k
)]
,
whenever a composition of morphisms S ′
ϕ
// S
f
//Mn(r, a, c) is given.
To prove the naturality of µ we need to show that, given any morphism S ′
ϕ
// S and
any family (F,Θ) on T , the following equality holds true:
f[(F,Θ)] ◦ ϕ = f[(ϕ∗ΣF,ϕ∗∞Θ)]
. (6.7)
To simplify the notation we let f = f[(F,Θ)] and f
′ = f[(ϕ∗ΣF,ϕ∗∞Θ)]
. We can assume S =
SpecS and S ′ = SpecS ′, so that ϕ is induced by a ring homomorphism S
ϕ♯
// S ′ .
If (A,B) and (A′, B′) are the morphisms in the monads M(F) and M (ϕ∗F), respectively,
one has
(A′, B′) =
(
ϕ♯
)⊕d
(A,B)
and f¯ ◦ϕ = f¯ ′ : S ′ −→ L~k. We can assume that Im f¯
′ is contained in an open affine subset
V = SpecL of L~k which trivializes N~k, and we put N~k = Γ
(
V,N~k
)
which turns out to be
a free L -module of rank r.
We put N = Γ (T∞,F|T∞) which is a free S -module of rank r, and similarly we put N
′ =
Γ (T ′∞, ϕ
∗
∞ (F|T∞)) which is a free S
′-module of the same rank; By the homomorphisms f ♯
and ϕ♯ one has N ≃ N~k ⊗L S and N
′ ≃ N ⊗S S
′. Moreover one has ϕ∗∞Θ ≃ Θ⊗S 1S ′ .
For any polynomial h ∈ SymL (H
∗), where H ≃ HomL
(
N~k,L
⊕r
)
, we get
evϕ∗
∞
Θ (h⊗L 1S ′) = ev(Θ⊗S 1S ′ ) [(h⊗L 1S )⊗S 1S ′ ] =
= [evΘ (h⊗L 1S )]⊗S 1S ′
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where ev is the evaluation of polynomials. Hence
f˜ ◦ ϕ = f˜ ′ : S ′ −→ P~k .
By applying the projection π to both sides of this equation, we obtain eq. (6.7). 
Lemma 6.11. For any scheme S one has νS ◦ µS = idMod~k(S).
Proof. We need to prove that (
f ∗ΣE~k, f
∗
∞Θ~k
)
≃ (F,Θ) ,
for any S-family (F,Θ) of framed sheaves on Σn, where f = f[(F,Θ)]. It is enough to show
that there is an isomorphism
f ∗ΣM~k ≃M(F) (6.8)
and that this isomorphism is compatible with the framings. By Lemma 6.2 there are
isomorphisms f ∗ΣU~k ≃ t
∗
1U~k, f
∗
ΣV~k ≃ t
∗
1V~k, f
∗
ΣW~k ≃ t
∗
1W~k, together with
(
q
∗A~k, q
∗B~k,p
∗Θ~k
)
≃
(
A˜~k, B˜~k, Θ˜~k
)
. When S is affine and satisfies the conditions of Corollary 4.5, we have in
addition the isomorphisms U ≃ t∗1U~k, V ≃ t
∗
1V~k and W ≃ t
∗
1W~k, and we have
f ∗Σ
(
A~k, B~k
)
= f˜ ∗Σq
∗
(
A~k, B~k
)
= f˜ ∗Σ
(
A˜~k, B˜~k
)
= f˜ ∗Σt˜
∗
2τ
∗
(
idL~k
)
= t∗2f˜
∗τ ∗
(
idL~k
)
= t∗2f¯
∗
(
idL~k
)
= (A,B) .
where f˜Σ = idΣn ×f˜ . This proves eq. (6.8) locally, and similarly the compatibility of Θ~k
can be shown. By Corollary 5.3 we get the thesis. 
Lemma 6.12. For any vector ~k such that k1 ≥ 0 and for any scheme S one has
µS ◦ νS = idHom(S,Mn(r,a,c)) .
Proof. Let g : S −→Mn(r, a, c) be any scheme morphism. We need to show that
g = f[(g∗ΣE~k,g∗∞Θ~k)]
;
for simplicity we set f = f[(g∗ΣE~k,g∗∞Θ~k)]
. Let M
(
g∗ΣE~k
)
be a monad
0 // U
A // V
B // W // 0
associated with g∗ΣE~k. We can work locally by assuming that S = SpecS satisfies the
hypotheses of Corollary 4.5 for the sheaves U, V, W and that Im g ⊆ W , where W ⊆
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Mn(r, a, c) is a trivializing open subset for the G~k-principal bundle P~k. Thus, there exists
a local section σ : W −→ P~k lifting g to P~k:
P~k
π

S
σ◦g
::tttttttttttt
g
//Mn(r, a, c) .
(6.9)
Under our assumptions, the complex
g∗ΣM~k : 0
// g∗ΣU~k
g∗
Σ
A~k // g∗ΣV~k
g∗
Σ
B~k // g∗ΣW~k
// 0
is a monad. Indeed the morphism g∗ΣA~k is injective, as it follows from diagram (6.9) and
Lemma 2.1. This monad is isomorphic toM
(
g∗ΣE~k
)
: as a matter of fact, their cohomologies
are isomorphic and [27, Lemma 4.1.3] applies. Because of this isomorphism, in view of
Proposition 6.1 one has (
g∗ΣE~k
)
s
≃ Eα(s),β(s),
where g(s) = [θ(s)] and (α(s), β(s)) = τ(θ(s)) for any closed point s ∈ S. This ends the
proof. 
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